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Abstract
We first show that, under certain conditions, an -unital finite-dimensional Archimedean -algebra
is isomorphic to a finite cyclic group -algebra with coefficients from a matrix -algebra. Then we
characterize regular unital finite-dimensional Archimedean real -algebras which are either commu-
tative or -reduced.
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1. Introduction
Finite-dimensional lattice-ordered algebras (-algebras) were first systematically stud-
ied by G. Birkhoff and R.S. Pierce [2]. By constructing all of the two-dimensional
-algebras over the totally ordered field of real numbers, they have shown that -algebras
could be quite pathological [2, pp. 47–49]. Therefore, they suggested looking for special
classes of lattice-ordered rings (-rings) having a deeper theory.
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(f -rings) that are -rings in which
a ∧ b = 0 and c 0 imply ca ∧ b = ac ∧ b = 0.
They proved that f -rings are exactly the subdirect product of totally ordered rings [2, The-
orem 12, p. 57]. Since then f -rings have been extensively studied. For research activities
in f -rings, the reader is referred to the survey paper by M. Henriksen [4].
Another special class of -rings introduced by G. Birkhoff and R.S. Pierce in the same
paper is that of regular -rings. They have shown that the class of regular -rings con-
tains f -rings [2, Corollary 3, p. 57], group -rings with the coordinatewise lattice order
[2, Corollary 2, p. 54], and matrix -rings with the usual lattice order [2, Corollary 3,
p. 54]. They have also pointed out that if a regular -ring has the identity element then it
must be positive [2, p. 54]. Since then no more general result on regular -rings seems to
appear in the literature.
In this paper we characterize certain well-behaved finite-dimensional -algebras that
are not f -algebras. These are finite group -algebras with the coordinatewise lattice or-
der and matrix -algebras with the usual lattice order. In Section 2, we show that under
certain conditions an -unital finite-dimensional Archimedean -algebra is isomorphic to
a group -algebra over a finite cyclic group with the coefficients from a matrix -algebra
(Theorem 2.1). In Section 3, we show that a regular unital finite-dimensional Archimedean
-algebra over R which is either commutative or -reduced is isomorphic to a finite direct
sum of real group -algebras over some finite groups (Theorems 3.8 and 3.9).
In an -ring, the multiplication is generally not distributive over the lattice operations.
But some elements in an -ring do have this distributive property and such elements in an
-ring are called d-elements. The existence of certain d-elements in an -ring will give the
-ring a good structure as shown in this paper.
We begin by reviewing some definitions and results in -rings. The reader is referred to
G. Birkhoff [1] for the general theory of lattices and G. Birkhoff and R.S. Pierce [2] for the
general theory of -rings. Throughout this paper F always denotes a totally ordered field
and R always denotes the totally ordered field of real numbers.
Let R be an -ring. The positive cone of R is defined as R+ = {r ∈ R: r  0}. The
elements in R+ are called positive. A nonzero element a in R+ is called strictly positive,
denoted by a > 0. If x ∈ R, then the positive part, negative part, and absolute value of x
is defined as x+ = x ∨ 0, x− = −x ∨ 0, and |x| = x ∨ −x , respectively. An -algebra A
over F is an -ring and an algebra over F such that F+A+ ⊆ A+. An -algebra A over F
is called Archimedean over F if, for any u,v ∈ A+, αu v for all α ∈ F+ implies u = 0.
An -algebra is called unital if it has an identity element, and called -unital if the identity
element is positive. An -ring is called an -domain if a > 0 and b > 0 imply ab > 0, and
an -ring is called -reduced if it does not contain nonzero positive nilpotent elements. An
element a in an -ring is called basic if a > 0 and, for any b, c 0, a  b, c  0 implies
that b and c are comparable, that is, b  c or c  b. Two elements x, y in an -ring are
called disjoint if x, y  0 and x ∧ y = 0. A set {xi: i ∈ I } in an -ring is called disjoint
if each xi > 0 and any two different elements in the set are disjoint. It is well-known that
a disjoint set in an -algebra is a linearly independent set. An element e in an -ring R is
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of R if b ∧ c = 0 implies eb ∧ ec = be ∧ ce = 0 for all b, c ∈ R. A subset S of an -ring is
called convex if 0 r  s and s ∈ S imply r ∈ S. An -ideal of an -algebra is a ring ideal
and a subspace which also is a convex sublattice. An -algebra A is called -simple if 0
and A are the only -ideals of A, and A is called -semisimple if the intersection of all of
its maximal -ideals is zero. Let A be an -algebra and M , N be convex vector sublattices
of A. Then M ⊕N denotes the direct sum of M and N as vector lattices. Let I1, . . . , Ik be
-ideals of A. Then I1 ⊕ · · · ⊕ Ik denotes the direct sum of I1, . . . , Ik as -ideals.
Below we recall some definitions and results of regular -rings from [2]. Let G be a
commutative directed partially ordered group (po-group), and let E(G) be the ring of all
group endomorphisms of G. Define the positive cone E(G)+ to be those endomorphisms
θ such that G+θ ⊆ G+. Then (E(G),E(G)+) becomes a partially ordered ring (po-ring)
[2, Lemma 1, p. 42]. A p-representation of a po-ring R is a ring homomorphism r → θr
from R to a po-ring E(G) for some commutative directed po-group G such that r ∈ R+
implies θr ∈ E(G)+. A p-representation is called faithful if r → θr is one-to-one and r ∈
R+ if and only if θr ∈ E(G)+. A p-representation is called an -representation if R is an
-ring, G is an -group, and for each a, b ∈ R,
θa∨b = θa ∨ θb and θa∧b = θa ∧ θb.
Let R be an -ring. For each r ∈ R, define θr ∈ E(R) by xθr = xr for each x ∈ R. Then
the correspondence r → θr is called the right regular representation of R as a ring. The
left regular representation could be defined similarly [1, p. 402]. The left and right regular
representations of R are p-representations of R, and if R is -unital, then they are faithful
[2, Theorem 7, p. 51]. An -ring is called regular if its left and right regular representations
are both -representations.
Let R be an -ring. The following two examples of -rings were first constructed by
G. Birkhoff and R.S. Pierce [2, Examples 10 and 6]. Let R[G] be the group ring of a finite
group G. Order R[G] by defining ∑αigi  0, where αi ∈ R, gi ∈ G, if and only if all
αi  0, then R[G] is an -ring. Let Mn(R) be the n× n (n 1) matrix ring over R. Define
the positive cone of Mn(R) as Mn(R+). Then Mn(R) becomes an -ring. Throughout this
paper R[G] and Mn(R) always denote the -rings with the lattice orders defined as above.
Certainly, for a totally ordered field F , F [G] and Mn(F) are -algebras over F .
2. A characterization of certain finite-dimensional -algebras
Let A be an -unital -algebra over F and e ∈ A+. Suppose that em = 1 for some
positive integer m. Then the order of e is the smallest positive integer n satisfying en = 1.
For an element a ∈ A, define (a) = {x ∈ A: xa = ax = 0}. Certainly, (a) is a subalgebra
of A over F . We denote the dimension of (a) over F by dimF (a). In this section, we
prove the following result which generalizes the results in [7, Theorems 2 and 3].
Theorem 2.1. Let A be an -unital finite-dimensional Archimedean -algebra over F . If
there exists an element e ∈ A+ with order n  2 such that dimF (1 − e) = 1, then A is
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group of order n/k.
Proof. The proof of this result is similar to the proofs given in [7]. The reader is referred
to [7] for details that are not given in the following proof.
By [3, Corollary, p. 231], as a vector lattice, A is a finite direct sum of its maximal totally
ordered convex subspaces over F . Let A =⊕λ∈ΛMλ, where each Mλ is a maximal totally
ordered convex subspace of A over F . For each λ ∈ Λ, let
Hλ =
n∑
i,j=1
eiMλe
j .
Since each eiMλej is also a maximal totally ordered convex subspace of A over F , Hλ
is a convex -subspace of A over F for each λ ∈ Λ, and Hα = Hβ or Hα ∩ Hβ = {0} for
all α,β ∈ Λ [7, p. 412]. Thus A =⊕γ∈Γ Hγ , where Γ ⊆ Λ. Since dimF (1 − e) = 1,
similar to the proof of [7, Theorem 2], 1 ∈ Hγ for each γ ∈ Γ , and hence Γ only contains
one element, so we may assume that A =∑ni,j=1 eiMej , where M is a maximal totally
ordered convex subspace of A over F .
Let k1 be the smallest positive integer with ek1M = M . Then ek1x = x for each x ∈ M
[7, Lemma 1]. Suppose 1 =∑ni,j=1 eiaij ej , where aij ∈ M . Then
ek1 =
n∑
i,j=1
eiek1aij e
j =
n∑
i,j=1
eiaij e
j = 1,
so k1 = n. Let k be the smallest positive integer with ekM = Mek . Then k divides n
[7, Lemma 4] and ekx = xek for each x ∈ M [7, Lemma 1]. From the proof of [7, Lem-
ma 5] we have the following direct sum of maximal totally ordered convex subspaces of A
over F .
A = (eMe ⊕ · · · ⊕ eMen)⊕ (e2Me ⊕ · · · ⊕ e2Men)⊕ · · · ⊕ (ekMe ⊕ · · · ⊕ ekMen).
By an argument similar to that in [7, Lemma 5], we have
1 = eaen−1 + e2aen−2 + · · · + ekaen−k,
for some a ∈ M,a > 0. Then each eiaen−i , i = 1, . . . , k, is an f -element of A. Since
etaen−t ∧ esaen−s = 0, for t = s, 1 t, s  k,
eaen−1, . . . , ekaen−k are disjoint f -elements. Then we have
(
etaen−t
)2 = etaen−t and etaen−t esaen−s = 0, for t = s, 1 t, s  k,
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Let
eij = ek−i+1aen−k+j−1, for 1 i  k and 1 j  n.
Since dimF (1−e)= 1 implies dimF M = 1 [7, Theorem 2], we have M = Fa, and hence
A=
k⊕
u=1
n⊕
v=1
euMev =
k⊕
u=1
n⊕
v=1
Feuaev =
k⊕
i=1
n⊕
j=1
Feij .
Now we define a function ψ from A to Mk(F)[G], where G = 〈z〉 is a cyclic group of
order n/k. For 1 i  k and 1 j  n, define
ψ(eij ) = Eisz,
where j = k + s,1 s  k, 0  < n/k and Eis are the usual matrix units, 1 i, s  k.
Then it is straightforward to verify that ψ is a vector lattice isomorphism from A to
Mk(F)[G]. Below we check that ψ preserves the multiplication of A.
Given eij and ei1j1 , 1 i, i1  k, 1 j, j1  n, let j = k+ s and j1 = 1k+ s1, where
1 s, s1  k and 0 , 1 < n/k. We consider the following two cases.
(I) s = i1. Then
eij ei1j1 = ek−i+1ae(n−k+j−1)+(k−i1+1)aen−k+j1−1 = ek−i+1aen+j−i1aen−k+j1−1
= ek−i+1aen+k+s−i1aen−k+j1−1 = ek−i+1aen+s−i1aeken−k+j1−1 = 0,
since aen+s−i1a = 0. On the other hand,
ψ(eij )ψ(ei1j1) = EiszEi1s1z1 = EisEi1s1z+1 = 0.
(II) s = i1. Then
eij ei1j1 = ek−i+1ae(n−k+j−1)+(k−i1+1)aen−k+j1−1 = ek−i+1aen+j−i1aen−k+j1−1
= ek−i+1aen+kaen−k+j1−1 = ek−i+1a2eken−k+j1−1 = ek−i+1aeken−k+j1−1.
Let k+j1 = hn+r , 1 r  n and h 0. Then eij ei1j1 = eir . Let r = 2k+s2, 1 s2  k
and 0 2 < n/k. Then
ψ(eij ei1j1) = ψ(eir ) = Eis2z2 .
On the other hand,
ψ(eij )ψ(ei1j1) = EisEi1s1z+1 = Eis1z+1
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k + 1k = k + j1 − s1 = hn+ r − s1 = hn+ r − s2 = hn + 2k,
so + 1 ≡ 2 (mod n/k). Since the order of z is n/k, we have
ψ(eij ei1j1) = Eis2z2 = Eis1z+1 = ψ(eij )ψ(ei1j1).
Thus ψ preserves the multiplication, and hence ψ is an -algebra isomorphism from A to
Mk(F)[G]. 
Remark 2.2. From ring theory, Mk(F)[G] is isomorphic to Mk(F [G]), and the center of
Mk(F)[G] is isomorphic to F [G] which is (n/k)-dimensional over F since G is a cyclic
group of order n/k. Thus, in Theorem 2.1, if A is commutative, then A is isomorphic to
F [G] and if A is central over F , then A is isomorphic to Mn(F). Also if n is a prime
number, then A is isomorphic to F [G] or Mn(F).
Generally F [G], where G is a finite group but not necessarily cyclic, and Mn(F) have
the following different properties.
(1) F [G] is an -domain, but Mn(F) is not even -reduced if n > 1,
(2) Mn(F) is simple, and F [G] is -simple but not simple,
(3) The identity element of F [G] is a basic element in F [G], but the identity element in
Mn(F) is not a basic element in Mn(F) for n > 1.
Let A be an -unital finite-dimensional -semisimple -algebra over F . Then A only
contains a finite number of maximal -ideals. We denote the number of maximal -ideals
of A by L = L(A).
Corollary 2.3. Let A be an -unital finite-dimensional -semisimple -algebra over F . If
A contains an element e ∈ A+ of order n  2 such that dimF (1 − e) = L, then A is
isomorphic to a direct sum of Mki (F )[Gi], where each Gi is a finite cyclic group, i =
1, . . . ,L.
Proof. Since A is -semisimple, A has no nonzero nilpotent -ideal. Hence A is
Archimedean over F [2, Corollary 1, p. 51]. Let M1, . . . ,ML denote all of the maxi-
mal -ideals of A. Since A is -semisimple, M1 ∩ · · · ∩ ML = {0}, so A is isomorphic to
the direct sum of A/M1, . . . ,A/ML. Thus we may assume that A = I1 ⊕ · · · ⊕ IL, where
each Ij is an -ideal of A which is isomorphic to A/Mj , 1 j  L. Let 1 = a1 + · · ·+ aL
and e = e1 + · · · + eL, where aj  0, ej  0, and aj , ej ∈ Ij , j = 1, . . . ,L. Then aj is the
identity element of Ij . For each j = 1, . . . ,L, let
Ij (aj − ej ) =
{
xj ∈ Ij : (aj − ej )xj = xj (aj − ej ) = 0
}
.
Then
(1 − e) = I1(a1 − e1)+ · · · + IL(aL − eL).
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(aj − ej )
(
aj + ej + · · · + en−1j
)= (aj + ej + · · · + en−1j
)
(aj − ej ) = 0,
Ij (aj − ej ) = 0 for each j , and hence dimF Ij (aj − ej ) = 1 for each j , since
dimF (1 − e) = L. For each j , if aj = ej , then Ij = Ij (aj − ej ), so Ij is isomor-
phic to F = Mkj (F )[Gj ] with kj = 1 and Gj is the trivial cyclic group; if aj = ej ,
by Theorem 2.1, Ij is isomorphic to a Mkj (F )[Gj ] for some kj  1 and a finite cyclic
group Gj . 
3. Finite-dimensional -algebras with a d-basis
In this section, we will consider the structure of certain regular unital finite-dimensional
Archimedean -algebras over R. First we give the following definition, which is directly
related to the regularity.
Definition 3.1. Let V be a vector lattice over F . An -basis of V over F is a disjoint subset
of V which spans V over F .
Let A be an -algebra over F . A d-basis of A over F is an -basis of A as a vector
lattice over F in which each element is a d-element of A.
Remark 3.2. Let V be a vector lattice over F . If X = {xi} is an -basis of V , then X is a
basis of vector space V over F and for each v =∑αixi ∈ V , where αi ∈ F , v  0 if and
only if each αi  0. Conversely, if Y = {yj } ⊆ V + is a basis for vector space V over F and
for each v =∑βjyj ∈ V , where βj ∈ F , v  0 if and only if each βj  0, then Y is an
-basis for vector lattice V over F .
It is also clear that each element in an -basis is a basic element.
Many -algebras have a d-basis. For example, in the finite group -algebras F [G],
G is a d-basis and in the matrix -algebras Mn(F), the usual matrix units form a d-basis.
Let Tn(F ) be the n × n upper triangular matrix algebra over F . Define the positive cone
Tn(F )
+ = Tn(F+). Then Tn(F ) is an -algebra over F with a finite d-basis. Let F [x]
be the polynomial -algebra with the coordinatewise order, then {xk: k  0} is an infinite
d-basis for F [x].
From [2] we have the following result which establishes the relation between the regu-
larity and d-basis of a finite-dimensional -algebra.
Theorem 3.3. Let A be a finite-dimensional -algebra over F . If A has an -basis as a
vector lattice over F , then A is regular if and only if A has a d-basis.
Proof. Let {e1, . . . , en} be an -basis of A over F . By [2, Lemma 2, p. 53], A is regular if
and only if {e1, . . . , en} is a d-basis of A. 
Corollary 3.4. Let A be a finite-dimensional Archimedean -algebra over R. Then A is
regular if and only if A has a d-basis.
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For the rest of the paper, we will determine the structure of regular unital finite-
dimensional Archimedean -algebras over R which are either commutative or -reduced.
But first we will prove a result for -algebras over an arbitrary totally ordered field F .
Let A be an -unital -algebra over F with a d-basis D such that 1 = e1 + · · · + ek for
some k  1 and ei ∈ D, i = 1, . . . , k. Then each ei is an f -element since 1 is an f -element
and ei  1, and hence each ei is an idempotent and eiej = ej ei = 0 for i = j , 1 i, j  k,
since ei ∧ ej = 0 for i = j,1 i, j  k. For each i = 1, . . . , k, let Di = {e ∈ D: eei = e}.
The basic properties of Di are summarized in the following.
Lemma 3.5. Let A be an -unital -algebra over F , and let D, ei , and Di , 1  i  k, be
defined as above.
(1) D = D1 ∪ · · · ∪Dk and Di ∩Dj = ∅ for i = j , 1 i, j  k.
(2) For each element e ∈ Di , 1 i  k,
(i) e is nilpotent; or
(ii) there exists a positive integer n such that en = αei for some 0 < α ∈ F ; or
(iii) the set {em: m 1} is a disjoint set and em ∧ 1 = 0 for each m 1.
Proof. (1) Let x ∈ D. Then x = xe1 + · · · + xek since 1 = e1 + · · · + ek . Suppose that
xei = 0 for some 1  i  k. Then for any j = i , xej and xei are comparable since x is
basic, so xej  xei or xei  xej . If xei  xej , then xei = xe2i  xejei = 0, so xei = 0,
which is a contradiction. Thus xej  xei for j = i , and hence, by a similar argument,
xej = 0 for 1  j  k, j = i , so x = xei . Thus x ∈ Di , and hence D = D1 ∪ · · · ∪ Dk .
If x ∈ Di ∩ Dj for i = j , then x = xei = (xej )ei = 0, which is a contradiction. Thus
Di ∩ Dj = ∅ for i = j . We also notice that, by a similar argument, for each x ∈ D, there
exists a unique ei , 1 i  k such that eix = x .
(2) Let e ∈ Di , 1  i  k. For each positive integer m  1, we show that em = 0, or
em = αei for some 0 < α ∈ F , or em = 0 and em ∧ 1 = 0.
If em = 0, then
em =
∑
αrar, (
)
where 0 < αr ∈ F and ar ∈ D. Let’s consider each term αrar in the sum (
). Since e ∈ Di ,
each ar is also in Di from (1) and the fact that αrar  em. If αiei is not in the sum (
),
then em ∧ ei = 0, and hence em ∧ 1 = 0. Now suppose αiei is in the sum (
). For any other
term αrar in (
), we have αrar ∧ αiei = 0, and hence
0 αrarαiei ∧ αieiαrar  αrarem ∧ αieiem = 0
since em is a d-element. So arei ∧ eiar = 0 since αrαi > 0. Since ar ∈ Di , arei = ar , so
ar ∧ eiar = 0, and hence eiar ∧ eiar = 0 since ei is an f -element. Thus eiar = 0 for each
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in (1), and hence em = αiei . Thus we have proved that if em = 0 then em ∧ 1 = 0 or
em = αei for some 0 < α ∈ F .
Now suppose e ∈ Di is not nilpotent and em /∈ Fei for any positive integer m. Then for
any positive integers r and s, r < s, we have er ∧ es = er(1 ∧ es−r ) = 0 from the above
argument. Thus the set {em: m 1} is a disjoint set and em ∧ 1 = 0 for each m 1. 
Remark 3.6. If A is also finite-dimensional over F in Lemma 3.5, then any disjoint set of
A is finite since it is linearly independent. Therefore, in Lemma 3.5 each element e ∈ Di
is nilpotent or en = αei for some 0 < α ∈ F and a positive integer n.
Let A be an -unital finite-dimensional -algebra over F in which 1 is also a basic
element of A. Then A only contains one maximal -ideal by [6, Lemma 3]. The following
result gives us the structure of a regular unital finite-dimensional Archimedean -algebra
over R in which 1 is basic.
Theorem 3.7. Let A be a regular unital finite-dimensional Archimedean real -algebra.
Suppose that 1 is a basic element of A. Let M be the unique maximal -ideal of A. Then M
has a d-basis in which each element is nilpotent, and there exists a convex -subalgebra K
of A such that K is isomorphic to R[G] for some finite group G and A = M ⊕K as vector
lattices over R. In particular, if A is -simple, then A is isomorphic to R[G] for some finite
group G.
Proof. From Corollary 3.4, A has a d-basis. Let D be a d-basis of A over R. Since 1 is
basic, we may assume that 1 ∈ D. Let
E = {x ∈ D: x is nilpotent}
and
J =
{
a ∈ A: a =
∑
αixi, xi ∈ E, αi ∈R
}
.
If E = ∅, then define J = {0}. We show that M = J .
First we show that J is an -ideal. If E = ∅ then J = {0} is certainly an -ideal. Next
we assume E = ∅. Clearly J is a convex vector sublattice of A over R. Let y ∈ D and
x ∈ E. We claim that yx ∈ J . We may assume that yx = 0. Then yx =∑i=1 βiyi , where
yi ∈ D and 0 < βi ∈R, i = 1, . . . , . We show that each yi is nilpotent. In fact, if yj is not
nilpotent for some 1  j  , then by Lemma 3.5 and Remark 3.6 there exists a positive
integer nj such that y
nj
j = αj1, for some 0 < αj ∈ R. Let n be the positive integer such
that xn = 0 and xm = 0 for 1m< n. Then
yxn =
∑
βiyix
n−1 = 0.i=1
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and hence xn−1 = 0, which is a contradiction. Hence in the sum yx =∑i=1 βiyi , each yi
is nilpotent, therefore yx ∈ J . Similarly, xy ∈ J . Thus J is an -ideal of A.
To see that J is a maximal -ideal, let I be an -ideal of A with J ⊆ I and J = I . Then
there exists 0 < a ∈ I \ J . Let a =∑ri=1 αixi , where xi ∈ D,0 < αi ∈ R. Since a /∈ J , at
least one xi /∈ E, 1  i  r , so there exists a positive integer ni such that xnii = γi1 for
some 0 < γi ∈ R by Lemma 3.5. Since 0 αixi  a ∈ I , αixi ∈ I , so xi ∈ I . Thus 1 ∈ I ,
and hence I = A. Therefore, J is a maximal -ideal of A, and hence M = J .
Let C = D \E. By Lemma 3.5,
C = {x ∈ D: xn = α1, for some positive integer n and 0 < α ∈R}.
Let
K =
{
a ∈ A: a =
∑
βizi , zi ∈ C, βi ∈R
}
.
Then clearly K is a convex vector sublattice of A and A= M ⊕K as vector lattices overR.
We claim that K is closed under the multiplication of A. In fact, let x, y ∈ C. Then xy = 0.
Let xy =∑ti=1 αixi , where xi ∈ D and 0 < αi ∈ R. Suppose xn = α1 and ym = β1 for
some positive integers n, m and 0 < α, 0 < β ∈R. Then
1 =
t∑
i=1
α−1αiβ−1xn−1xiym−1.
Since xn−1, ym−1 are d-elements, any two elements in the set
{
xn−1x1ym−1, . . . , xn−1xtym−1
}
are disjoint, and on the other hand, since 1 is basic, any two elements in the above set
are comparable. Thus in the sum xy =∑ti=1 αixi , only one term is not zero, and hence
xy = αixi for some xi ∈ D and 0 < αi ∈ R. If xi ∈ E, then xsi = 0 for some positive
integer s and xpi = 0 for 1  p < s. From xy = αixi , we have xyxs−1i = αixsi = 0, and
hence αyxs−1i = xnyxs−1i = 0, so yxs−1i = 0. Thus βxs−1i = ymxs−1i = 0, so xs−1i = 0,
which is a contradiction. So xi ∈ D \ E = C, and hence xy ∈ K . Thus K is closed under
the multiplication of A. Therefore, K is a convex -subalgebra of A.
Finally we show that K is isomorphic to R[G] as -algebras over R for some finite
group G. From the above argument, we know that C is a d-basis for K . Let e ∈ C. Then
there exists a positive integer ne such that ene = αe1, where 0 < αe ∈ R. For each e ∈ C,
let d = e/ ne√αe . Then dne = 1. Thus, without loss of generality, we may assume that for
each element e ∈ C there exists a positive integer ne such that ene = 1. Below we show that
C forms a group under the multiplication of A. Clearly 1 ∈ C. For c, e ∈ C, ce is a basic
element. In fact, if 0 x, y  ce, then
0 cnc−1xene−1, cnc−1yene−1  1.
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parable. Thus ce is basic. Therefore, ce = δf for some f ∈ C and 0 < δ ∈ R. By
[5, Theorem 7.4], we could consider K as a subalgebra of Mn(R), where n is the di-
mension of K over R, in which the identity element of K is the identity matrix. Then
ce = δf implies det(c)det(e) = δn det(f ), where det(c), det(e), and det(f ) are determi-
nates of c, e, and f , respectively. Since the values of det(c), det(e), and det(f ) are 1 or
−1, we have δn = 1, so δ = 1. Thus ce = f ∈ C. This proves that C forms a finite group
and K = R[C]. 
Recall that the -radical of an -ring R is defined as
N(R) = {a ∈ R: there is a positive integer n = n(a), x0|a|x1|a| · · · |a|xn = 0,
for all x0, . . . , xn ∈ R
}
[2, Definition, p. 45]. N(R) is the sum of all of the nilpotent -ideals of R [2, Theorem 5].
If R is commutative, then N(R) = {a ∈ R: |a| is nilpotent} [2, Corollary 1, p. 45]. If A is
an -algebra, then N(A) is an -ideal of A.
The following result gives the structure of a regular unital commutative finite-dimen-
sional Archimedean -algebra over R.
Theorem 3.8. Let A be a regular unital finite-dimensional Archimedean real -algebra
which is commutative. Then there exists a convex -subalgebra K of A such that A =
N(A) ⊕ K as vector lattices over R and K is isomorphic to a finite direct sum of group
-algebras R[Gi] for some finite commutative groups Gi , i = 1, . . . , k. In particular, if A
is -reduced, then A is isomorphic to a finite direct sum of group -algebras R[Gi] for
some finite commutative groups Gi .
Proof. Let D = {e1, . . . , en} be a d-basis of A over R. Then 1 is a linear combination
of elements in D in which each coefficient is a strictly positive real number. Thus we
may assume that 1 = α1e1 + · · · + αkek , where 0 < αi ∈ R, i = 1, . . . , k and k  n. By
changing each αiei to ei , i = 1, . . . , k, we may also assume each αi = 1, i = 1, . . . , k,
and hence 1 = e1 + · · · + ek . For each i = 1, . . . , k, let Di = {e ∈ D: eei = e}. Since A is
commutative, Di = {e ∈ D: eei = eie = e} for each i . For each i = 1, . . . , k, let
Ii =
{
a ∈ A: a =
∑
αj xj , xj ∈ Di, αj ∈R
}
.
Then each Ii is an -ideal of A. In fact, it is clear that each Ii is a convex vector sublattice
of A. Let x ∈ D and y ∈ Di . From Lemma 3.5, x ∈ Dh for some 1 h k. If h = i , then
xy = xeheiy = 0. If h = i , then xy ∈ Ii . Thus Ii is an -ideal of A. From Lemma 3.5,
A = I1 ⊕ · · · ⊕ Ik . Each Ii itself is a regular unital finite-dimensional Archimedean real
-algebra in which the identity element ei of Ii is basic in Ii , and hence by Theorem 3.7,
each Ii = Mi ⊕ Ki as vector lattices, where Mi is the unique maximal -ideal of Ii with
a d-basis in which each element is nilpotent and Ki is a convex -subalgebra of Ii which
is isomorphic to R[Gi] for some finite commutative group Gi . Since A is commutative
J. Ma / Journal of Algebra 280 (2004) 232–243 243each Mi is a nilpotent -ideal of Ii , and hence a nilpotent -ideal of A. Thus N(A) =
M1 ⊕ · · · ⊕ Mk . Let K = K1 ⊕ · · · ⊕ Kk . Then K is a convex -subalgebra of A and
A = N(A) ⊕K as vector lattices. Since each Ki is isomorphic to R[Gi], K is isomorphic
to the direct sum of R[Gi], i = 1, . . . , k. 
Our last theorem gives us the structure of a regular unital -reduced finite-dimensional
-algebra over R.
Theorem 3.9. Let A be a regular unital finite-dimensional real -algebra. If A is -reduced,
then A is isomorphic to a finite direct sum of real group -algebras R[Gi] for some finite
groups Gi , i = 1, . . . , k. In particular, if A is an -domain, then A is isomorphic to a real
group -algebra R[G] for some finite group G.
Proof. First, since A is -reduced, A is an Archimedean -algebra over R [2, Corollary 1,
p. 51]. By Corollary 3.4, A has a d-basis D = {e1, . . . , en}. Without loss of generality, we
may assume that 1 = e1 + · · · + ek for some k  n.
For each i = 1, . . . , k, let Di = {e ∈ D: eei = e}. Since A is -reduced, by Lemma 3.5,
for each e ∈ Di there exists a positive integer n such that en = αei for some 0 < α ∈ R.
Thus eie = 0 since e is not nilpotent, and hence eie = e for any e ∈ Di . Therefore, Di =
{e ∈ D: eei = eie = e}. For each i = 1, . . . , k, let
Ii =
{
a ∈ A: a =
∑
αj xj , xj ∈ Di, αj ∈R
}
.
Similar to the proof in Theorem 3.8, each Ii is an -ideal of A and A = I1 ⊕ · · ·⊕ Ik . Each
Ii is a regular unital -reduced finite-dimensional Archimedean -algebra over R in which
the identity element ei is basic, and hence by Theorem 3.7, each Ii is isomorphic to a real
group -algebra R[Gi] for some finite groups Gi . 
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